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Abstract 

We give a unified description of morphisms and comorphisms of Lie pseudoalgebras, showing that 
the both types of morphisms can be regarded as subalgebras of a Lie pseudoalgebra, called the tp-sum. 
We also provide similar descriptions for morphisms and comorphisms of Lie algebroids and groupoids. 

1 Introduction 

As an algebraic version of Lie algebroids, a Lie pseudoalgebra is a generalized structure for that of a 
Lie algebra over some field and the structure of the yl-module Der(^), all derivations on a commutative 
algebra A. It consists of a triple (E,^, 9) where E is an ^-module and a Lie algebra, 9 : E — > Der(^) 
(called the anchor of E), which is an ^-module morphism and a Lie algebra morphism satisfying some 
compatibility conditions. 

The language of Lie pseudoalgebras arises from that of Lie algebroids, which were first introduced by 
Pradines [29] to provide a precise description of the infinitesimal form of Lie groupoids. The reader who 
wishes to pursue the topic of Lie algebroids and groupoids is referred to Mackenzie's new book pS] (see 
also [HI Chp 8, 12], [231 Ij HI]) for background information. As an abstract algebraic treatment of the 
category of Lie algebroids performed in and |24j , Lie pseudoalgebras are variously called Lie Rinehart 
algebras [30> J5, 16, 17, 4 , Lie d-rings ^7\, Palais pairs [9], differential Lie algebras 1,21 , or modules with 
differential [28] . Some other closely related variants are Elie Cartan spaces [21 13] , Lie modules [26] , Lie- 
Cartan pairs T^(this list is not complete.) It may be seen as an algebraic form of the notion of Lie 
algebroid in which vector bundles over manifolds are replaced by modules over rings, vector fields by 
derivations of rings, and so on. 

We especially study morphisms and comorphisms, which determine two different categories of Lie 
pseudoalgebras. The general notion of morphisms of Lie algebroids comes from Higgins and Mackenzie 

. Comorphisms of Lie pseudoalgebras seem to have first been defined by Huebschmann [l3j . There 
are also corresponding concepts of morphisms for Lie groupoids [13j . Morphisms of Lie pseudoalgebras 
are well known (for example, see [15|V The analogue concept, i.e., comorphisms of groupoids can also be 
found in [13j . Our treatment of morphisms and comorphisms of Lie algebroids follows from Higgins and 
Mackenzie fl3\ and p5](see also "24]). 

One of the main aim of this paper is to show that the two kinds of morphisms of Lie pseudoalgebras 
can be unified via restriction theory. The conclusion is that both are subalgebras in a Lie pseudoalgebra 
called the i/i-sum of two Lie pseudoalgebras. We also develop similar theories for Lie algebroids as well 
as for Lie groupoids. The reader will see that the three versions of our main theorems. Theorems 13. 6) 
and 15. 5[ are actually expressing the same idea from different points of view. 

^Keyword: Lie pseudoalgebra, Lie algebroid, groupoid, morphism, comorphism. 
"MSC: Primary 17B65. Secondary 18B40, 58H05. 
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The paper is organized as follows. In Section ^ we recall the basic definition of Lie pscudoalgcbras 
and we introduce the idea of restricting Lie pseudoalgebras via an ideal of the algebra. Applying this 
process, we obtain the so-called ^/'-sum of two Lie pseudoalgebras, where ip is an algebraic morphism. 

Section [3] describes the two kinds of morphisms of Lie pseudoalgebras. The principal objective in 
this section is the proof of our main result (Theorem 13. 6p in this paper. It provides a picture of the 
relationship of the two different morphisms, whose graphs turn out to be two subalgebras of the ip-snm 
with respect to a given algebra morphism i/j. Moreover, as an application of theorem 13.61 we give a short 
proof of the fact that with either morphisms or comorphisms, the Lie pseudoalgebras form a category, 
which is proved originally in |13j . 

To gain a better understanding of these abstract theories. Section |4] expresses the preceding theory in 
the language of Lie algebroids. We recall the definition of morphism and comorphism of Lie algebroids and 
we show how both morphisms and comorphisms are embedded as subalgebroids into a common algebroid 
which we called the </>-sum. The (/)-sum can be regarded as the algebroid version of the preceding -i/j-sum. 

ScctionOis an exposition of the theory of the two kinds of morphisms concerning groupoids, analogous 
to that of Lie algebroids. In this paper, we present an equivalent definition of comorphism between 
groupoids with generally different bases. It turns out that the action of a groupoid F on Z ^ M is 
actually a comorphism of groupoids from T to the pair groupoid Z x Z . 

As global versions of that of Lie algebroids, we then study the relationship of comorphisms and 
morphisms of groupoids, with likewise conclusions. Finally, we present various examples. 
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2 The i/j-suui of Lie Pseudoalgebras 

Throughout the paper, A stands for an associative, commutative algebra over K, where K is the number 
fielcf3 K or C. We shall be concerned exclusively with algebras A which are unitary, and hence K is 
regarded as a subset of A. We always consider left ^-modules, and they are denoted by capital letters 
E, F, etc. By "A-maps" , or "maps of ^-modules", we mean "^-module morphisms". The dual module 
of E, namely Hom^(E,^), wiU be denoted by E^. 

A derivation of ^ is a K-\meai map S: A ^ A, satisfying the Leibnitz rule 6{ab) = d{a)b + ad{b), 
\/a,b G A. The ^-module Der(^) of all derivations of A is closed under the bracket, or commutator 
[(5, A] = (5 o A — A o 5 and Der{A) is a K-Lie algebra. 

In this section, we recall the basic definition of Lie pseudoalgebras and we mainly introduce the idea 
of restricting Lie pseudoalgebras via an ideal of the algebra A. Applying this process, we obtain the 
so-called ■(/'-sum of two Lie pseudoalgebras, where ip is an algebraic morphism. 
• Lie pseudoalgebras. 

In this paper, we adopt the following definition. 

Definition 2.1. Let E be an A-module and a K-Lie algebra with the bracket [•,■]; E x E ^ E. // 

there is a Lie algebra morphism 6: E Der(^) (called the anchor of E) such that 



e{aiXi) 
[ATi, 02X2] 



a2[Xi,X2]+e{Xi){a2)X2, VA, e E,a, e A, 



(1) 
(2) 



we call (E, [ • , ■ ],9) a Lie pseudoalgebra over A. 



^Our conclusions also hold if K is assumed to bo a field of characteristic zero. 
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Abusing the notation of the brackets, we prefer to write 

e{X)a=[X,a] = -[a,X], XeE,aeA. 

In fact, one can treat this convention as the Lie bracket in the semidirect sum E x where A is considered 
as an abehan Lie algebra. 

In what foUows, we write (E, A) to indicate a Lie pseudoalgebra E over a commutative and associative 
if-algebra A, with the bracket and anchor [ • , • ]e- And for simphcity, we wiU sometimes suppress the 
subscripts " e" ■ 

When E is a finitely generated projective .A-module, there is an exterior differential operator d-E '■ 
A''JE*J^ aJ^+^E;^ (fc > 0), which is of square zero, defined in the ordinary fashioi|l(see also [21 ] [TBI [T7] ) : 

{dEa,X} ^ e{X)a^[X,a\, a e A, X e 

{d-ELXAAY) = e{x){tY)~e{Y){tx)-{£„[x,Y]), CeE:^,x,yeE 

rfE(6 A^--- A^CrO = (^eCi) A^6A^---A^^„-CiA^(dE6)A^C3A^---A^^„ 

+ + A^---A^Cn-iA^(dEe„), e^eE::^. (3) 

Conversely, any operator satisfying the derivation rule ([S]), and d\ = 0, determines a Lie pseudoalgebra 

structure on E (over A) [5T]. 

• The restriction of Lie pseudoalgebras. 

Fix a Lie pseudoalgebra (E, A) and \ci 3 A be an ideal of A. Then, we define 

E^ ^ {X e E|[X,a] c 3}, 

which is clearly a submodule of E, and (E*', A) is a Lie pseudoalgebra. Let 

aE ^ 1^ a,X,|a, e J, X, e e| . 
Then 3E C E-' and the following lemma gives a new Lie pseudoalgebra. 

Lemma 2.2. The quotient {A/3)-Tnodule E-'/(3E) is a Lie pseudoalgebra with structures coming from 
(E,^). 

Proof. By definition, ^(3E) C 3E, 3E^ C 3E and hence E^/(3E) is indeed an (y4,/3)-module. We define 
the induced brackets by the obvious rules 

- [Xi,X2]-, [X,a]^[X,a]-. 

Here by X we denote the element X + 3E G E-'/(3E), and similarly by a we denote a + U G A/3. It 
suffices to prove that they are well defined. In fact, we have 

pE, A] C J, [E^, 3] c 3, [E^, JE] c 3E. 

The first two relations are obvious. For the last one, notice that if Xi G E-', X' = qXq G ^E, where 
a E 3, Xq E F,, we have 

[Xi, X'] = a[Xi,Xo] - [Xi,a]Xo G 3E. ■ 

Thus we see that (E-'/ (JE), A/3) inherits all the structures of (E, A). As an application, in Example 
12.101 one will find how a Lie algebroid is restricted to a Lie pseudoalgebra through a submanifold. But 
generally speaking, we can only depict the quotient module E-'/(JE) C E/(UE) in the following manner. 

Lemma 2.3. 

^For finitely generated projective yt-modules E, one has A^E^ = Homyi(A^E, yl), and it is also finitely generated 
projective. And E ^ Hom^(E^,yl) = (E^)^. 
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1) Let E be an A-module and 3 be an ideal of A. Then, E/(UE) = E(^^{A/3) as (A/ J) -modules, 
under the isomorphism a : X i-^ X(E)a^- 

2) Let (E,^) be a Lie pseudoalgebra and 3 be an ideal of A. Then under the isomorphism a defined 
above, the quotient module E-'/ (HE) = E-'0yi(^/3), and the latter has the induced Lie pseudoalgebra 
structure (over A/3) defined by 

[Xi(g)_Aai,a^] = a^[Xi,a2r, (4) 
[Xi(S)AaT,X2®Aa2] = [Xi, X2](g)yiaTa^ + X2(g)yiaT[Xi, 02]" - Xi(8)^a^[X2, ai]". (5) 

for all Xi e F,^ , Oi e A. 

Proof. For 1), consider the map x : E x A/3 E/(3E), {X, a) t-^ aX, VX eE, a e A. It follows that 

x{aiX,a^) = aia2X = aixiX,a^) = xiX,aia^), 

i.e., X is ^-bilinear and hence it induces a well-defined ^-map x '■ E(X)^(^/3) E/(CJE), X®ja ^ aX. 
One can check that x is exactly the inverse map of a. 

Now under a, the image of E-'/(3E) is clearly E^0x(y4./3), and the bracket in E^/(3E) is then 
transferred to E-'0^(.A/3), simply given by 

[Xi(S)Al,a] = [Xi,ar, [Xi(g)Al,X2(E)Al] = [Xi,X2]®^l. 

Equalities ([U and dH) then follow the bracket laws H]) and ■ 

This fact says that E-'/(3E) can be regarded as an (^/3)-submodule of E®yi(^/Df). But the latter 
one does NOT have a Lie pseudoalgebra structure. 

Definition 2.4. We denote 

Ea = E^(g,AiA/3) = E^pE) 
and call (Ej,^/^) the 3 -restriction of a Lie pseudoalgebra (E,^) with respect to the ideal 3 C A. 

Remark 2.5. The terminology "restriction" here is suggested by the referee from the point of view of 
geometry as follows. Consider the C°°(M)-module X{M), the set of smooth vector fields on a smooth 
manifold M. Let iV C M be a submanifold and consider an ideal 3 C C°°{M) which is the collection of 
the functions that vanish on N. In this case, it is clear that C°°{M)/3 = C°°(iV) and (;f (M))a = X{N). 
So, the CJ- restriction of X{M) is the usual restriction of the tangent vector fields on a submanifold. The 
construction of such restrictions in the Lie algebroid case also corresponds to restricting a Lie algebroid 
to a submanifold of the base, as Example 12.101 later makes clear. 

• Tiie ?/;-sum. 

A useful application of the preceding restriction theory is as follows. Consider two Lie pseudoalgebras 
(E, A) and (F, B) and define their direct sum to be the A 'S> ;B-module (E (g) © (g) F). Here "(g)" 
means "(gi<-" and we adopt this convention throughout the paper. We first endow the direct sum with a 
new Lie pseudoalgebra structure out of the given ones. 

Proposition 2.6. ((E B) Q) {A® F),^ i3) is a Lie pseudoalgebra, the structure being given by the 
following rules: 

[Xi g)6i +ai g) Yi,a2 g)62] 
= [Xi, a2]E ® &1&2 + aia2 g) [Yi, 62]f ; 

[Xi (g) 61 + ai (g Yi,X2 g) 62 + 02 g) Y2] 
= [Xi,X2]E®bib2+aia2<S>[Yi,Y2]F 

+ [Xi, a2]E ® biY2 + [ai, X2]e ® b2Yi + 01X2 [^i, 62]f + 02^1 ® [61, i^2]F- 

Here ai,a2 G A, 61,62 G B, Xi,X2 G E, Yi,Y2 G F. 
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We omit the proof of this proposition, since the computations are quite straightforward. For simphcity, 
in what follows, we will again omit the subscripts " e, f", etc. One is also referred to Example 12.131 of 
the direct sum of two Lie algebroids as a guide to understanding {{E B) (B {A(^F), A ^ B). 

From now on, we fix an algebra morphism -tp : A B. And hence S-modules can be regarded as 
^-modules via ip. By tp we denote the morphism given canonically by 

A(»B ^ B: a(X)b^ tP{a)b. (6) 

Notice that, ip is always surjective and B ^ {A<S^ B)/Keiip. It is easy to see that 

3 = KerV^ = SpariK {a(g)b-l(E) ijj{a)b\a e A,be B}. (7) 

Definition 2.7. Let (E,^) and {F,B) be two Lie pseudoalgebras and let ^ : A ^ B be an algebraic 
morphism. For the direct sum D = (E® ® (.4® F) and the ideal Z — Ker'0 defined as above, we denote 
(Dj, B), the ^-restriction of (D, A(!S) B) by (E ®^ F, B) and call this pseudoalgebra the ip-sum of (E, A) 
and (F,S) with respect to the morphism ip. 

The following theorem gives an explicit description of E F. 

Tiieorem 2.8. With the above notations, 

1) the Ip-sum E F is a B-submodule of (E®^i3) © F (here the tensor product F^j^B is both a B 
and ^-module, considering B as an ^-module through tp); 

2) an element X.i®j,bi + y G {F®^B) © F belongs E ©^ F if and only if 

Y,^{\X„a])h = [Y,^{,a)], Va £ A. (8) 

i 

Proof. For 1), by definition, the i/^-sum 

E ©0 F = ®A<g)B S C D ®A<»B B ^ (E^aB) © F. 

For 2), since — |a; G D|^[a;, 3] = o|, and according to ([7]), an element ® + ® ^i) € D^' 

if and only if 

iP{Y^[Xi(g,b^ + ai(g)Y„a(g>b-l(g>Tp{a)b]) = C^ip{[X,,a])b, - ["^TP{ai)Yi,iP{a)])b = 0, 

i i i 

holds for all a £ ^, 6 G B. This expression shows that 

= ® 6, + a,®Y,\Y,i'{[X^,a])b, - i^(a,)F., i^(a)] = 0,Va G ^| . 
On the other hand, 

^{X, ^b, + a,^ Yi) ^A(g,B B^Yl + V'(ai)^i ■ 

i i i 

Thus, E ©^ F = (8)^(g)B B is exactly the S-submodule described in this theorem. ■ 

By Lemma [?751 the reader should have no difficulty in obtaining the expressions of brackets of E©^F, 
given in the following proposition. 
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Proposition 2.9. The structure maps of the Lie pseudoalgebra (E F, B) are given as follows. 



[YM: (9) 

i 

(10) 

for all + Y, J^^ + F' G E ®^ F, 6 e ■ 

• Examples. 

We will denote a Lie algebroid U over a manifold M by {iU,M,pu), or simply {U,M), with the anchor 
map pu - U ^ TM and the (M-) Lie algebra structure [ • , ■]u on T{U). We also write [v, ■ ]u to indicate 
the tangent vector pu{v), for v & U. The differential operator on r(A*Z^*) will be denoted by du- When 
it will introduce no confusion, these subscripts "ly" can be omitted. 

Example 2.10. The reader should bear in mind this example as a guide to what is going on for the 
restriction theories. Let {U, N, p) be a Lie algebroid, and let iVo be an embedded submanifold. Let 
L : No ^ N he the inclusion. Consider A = C°°{M). Of course 3 = Keri* = {/ S ^|/Uo = 0} is an 
ideal of A. Denoting E = r(Zi), we want to find the restriction of the Lie pseudoalgebra (E,^) with 
respect to 3. Clearly, 

^{A^T{U)\p{A)\n„ eTNo}, 
3E^{Aer{U)\A\N,^0}. 
Thus, the quotient algebra Ejr can be regarded as the space of sections 

Uno ^{veUp\pe Nn, p{v) G TpNn} , 

as an A/3 = C°°(A'^o)-niodule. 

Although rnay not be a vector bundle over A'o (since the dimension of its fibers may vary), it has 
formally the anchor map and the Lie algebra structure of the space of sections r{h(No)- Thus Unq can be 
regarded as a generalized Lie algebroid. 

Example 2.11. Let E and F be two K-Lie algebras. The only iiT-morphism from K to K is the identity 
map /, and the /-sum of (E, K) and (F, K) is just (E © F, K), since in this case (jH]) becomes = 0. 

Example 2.12. Let (E, A) be a Lie pseudoalgebra and F be a K-Lie algebra. For an algebra morphism 
: A ^ K, the i/i-sum of (E, A) and (F, K) is the set 

E ©V F = {X(g,Al + Y\X G E, y G F, [X, A]e C Ken/'} . 

For example, when E = r{U), A = C°°{N) where {U,M) is a Lie algebroid, and ^{h) = h{p), Vh G 
C°°{N), for some fixed point p E N, we have 

E ©V, F = {(«, F) G X F\puiv) = 0} . 

Example 2.13. We recall the direct product of Lie algebroids as in Higgins and Mackenzie [H] and 
Mackenzie (25j. Let {U, M, pu) and (V, py) be two Lie algebroids. Their direct sum is a bundle U xV 
over M X N, with elements {u,v), u E Up, v E Vq, bundle map (u, v) {p, q). We make U xV into a Lie 
algebroid on the base M x N a,s follows. The anchor map is {u,v) i-^ {pu{u), p\>{v)). For two sections of 
U xV,we define the Lie bracket to be 

[(/lAi,5ii3i),(/2^2,g2i?2)] 
= (/l/2[^l,^2]w +5l[5l,/2]v^2 -52[B2,/l]v^l, 

gig2[Bi,B2]v + /i[Ai,52]w-B2 - f2[A2,gi\uBi). 



i 

i 3 
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Here/, £ C°°{N),g, S C°°{M), A, G T{U), B, G r(V). To see that {r{UxV),C°°{M xN)) is exactly the 
direct sum of (r(W), C~(M)) and (r(V), C~(iV)), one should regard C°°(M x TV) « C°°(M) ® C°°(A^) 
and r(W X V) as the C°°(M x A^)-module r{U) «) C°°(Af) © r(V) «> C°°(M). 
Given a smooth map cj) : M N, one has its graph 

g{(j)) = G M} G M x N. 

Applying the restriction process in Example l2.10l to the direct sum of Lie algebroids, we define the (/)-sum 
of Lie algebroids U and V to be x V, M x iV)g(0) (notice that the result is a subset of W © 0'V), i.e., 

U®^V = {iu,v) eU ®(t)-V\\^x G M,ue U^,v G V0(^), 0, opi^(w) = pv{v)} . 

The space of sections r{U ©^ V) is a Lie pseudoalgebra over C°°(M), although W ©^ V may not be a 
bundle over M. So it is actually a generalized Lie algebroid, an algebroid version corresponding to the 
0*-sum of (r(W),C°°(M)) and (r(V), C°°(7V)). 

3 Morphisms and Comorphisms of Lie Pseudoalgebras 

This section describes the two kinds of morphisms of Lie pseudoalgebras. As a main result of this paper, 
theorem 13.61 provides a picture of the relationship of the two different morphisms, whose graphs turn out 
to be two subalgebras of the -i/'-sum with respect to a given algebra morphism -0. 

It is proved in |13j that under either morphisms or comorphisms, and together with certain composition 
laws, the Lie pseudoalgebras are the objects of a category (in sense of morphism or comorphism). However, 
it is not easy to prove that the comorphisms satisfy the usual axioms of categories. As an application of 
theorem 13.61 "we shall give a short proof of the fact that with cither morphisms or comorphisms, the Lie 
pseudoalgebras form a category. 

(*,^) 

For an ^-module E and a ;B-module F, by (E, A) ^ (F, B) we denote a pair of morphisms (^E", 
where ip : A ;B is a morphism of algebras and 5* : E F is a map of ^-modules (considering 
B-modules as ^-modules through We call ^I^ an ^-map over ip. 

(*,^) 

Similarly, by writing (F, B) ^ (E, A), we mean a pair of morphisms (^', ip), where ip : A B is a 
morphism of algebras and : F — ^ E^j^B is a map of i3-modules. We also call ^ a S-map over ip. 

The concept of morphisms of Lie pseudoalgebras is given by [151 [H] as follows, and thus Lie pseu- 
doalgebras with their morphisms form a category. 

Definition 3.1. Let (E,^), {F,B) be two Lie pseudoalgebras. A morphism of Lie pseudoalgebras from 

(*,V>) 

E to F, is a pair of morphisms (E,^) ^ {F,B) such that 

1) ^([X,a]) = [^'(X), V(a)], VX G E,a G y^; 

2) ^{[Xi,X2]) - [*(Xi),*(X2)], VXi,X2 G E. 

In particular, if both ^ and are injective, we call (E,^) a Lie subpseudoalgebra of{F,B). 

Meanwhile, there is another kind of morphism defined for Lie pseudoalgebras, also allowing the bases 
to be changed. 

Definition 3.2. 124\ \lSf Let (E, {F,B) be two Lie pseudoalgebras. A comorphism of Lie pseudoal- 
gebras from F to E over ip, is a pair of morphisms (F, B) ^ (E, A), such that 
1) ifYeF and *(y) = J2k Xk^A^k, for some Xk G E and bk G B, then 

[r,V(a)] ^^^([^/ca]), VaeA; (11) 

k 
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2) ifYi,Y2 e F and ^{Yi) = Y.k ^hk^Ah^k, *(>"2) = E; ^2,;<»^^^2,;, where X,^. e E, 6,,. £ B, then 
*([yi,y2]) =^[^i.fe,^2.i]®^&i,fc62.i + 5I^2,i®^[n,M-II^i,fe®^[>'2,foi.fc]. (12) 

kd I k 

In particular, if 5" is injective and -0 is surjective, we call (F, ^) a Lie co-subpseudoalgebra of (E, A) . 
Remark 3.3. 

1) Notice that here is in the reverse direction to that in the definition of morphisms, and ^ is not 
a map from F to E, but a map F to E0^B. 

2) In the particular case that E and F are Lie pseudoalgebras over the same algebra A ~ B, the two 
notions of morphisms are the same. Moreover, a Lie subpseudoalgebra (E, A) of (F, A) is of course 
a Lie co-subpseudoalgebra, and vice-versa. 

The preceding Definition 13.11 seems very natural, compared to that of the comorphism of Definition 
13.21 The definition of comorphisms of Lie pseudoalgebras appeared in [211 US]- In [2H| Popescu had 
given similar concepts for various kinds of objects, referred to modules with differentials. Although quite 
profound and complicated, they arise from a clear geometric picture. The morphisms of Lie pseudoal- 
gebras correspond to the morphisms of Lie algebroids in Definition 14.51 and Theorem 14.61 which are the 
infinitesimal form of the morphisms of Lie groupoids (see Definition 15. 2p . 

If the modules are all finitely generated and projective, we have a concise, yet equivalent description 
of comorphisms, from which the reader will understand why the name "comorphism" is used for such a 
concept. First, we need the following proposition, concerning some special properties of finitely generated 
projective modules. 

Proposition 3.4. Let E, F be finitely generated projective A and B-modules respectively, and let ip : 
A B be an algebra morphism. Then 

1 ) E®^i3 is a finitely generated projective B-module, and so are 

(E®^S) (E®^e) = (A5iE)®^B, • ■ • , (Ai^E)®^S. 

2) The map I : E(g)yiS IIom^(E^, Z5), sending each X(^^Ab to 

i{x®Ab): e^V'((e,^))^ y£,(.F%h^B, 

is an isomorphism of B-modules. Similarly, we have 

{^\F)®AB = Hom^(A^E;:^, B),--- , (A^E)®^S = Hom^(A^E^, B). 

3) Let ^' : F ^ E(8)_4B be a B-map. There is an induced A-map ^* : E^ — > Fg, called the dual map 
of 4* , such that 

{■^*{0,Y) = {I o-^ veeE:^,yeF. 

Ji.) Let : E^ Fg be a map of A-modules. There is a unique B-map 4* : F — > Fi^j^B such that 
yH* [ -^{Y) = /-I o (^{■),Y), for each F G F). ■ 

These four conclusions heavily rely on the condition that the modules under consideration are finitely 
generated and projective. We omit the proofs. 

Proposition 3.5. Let (E,yl), (F,B) he two finitely generated projective Lie pseudoalgebras over the 
algebras A and B respectively. Then the following two statements are equivalent 

1) (F,S) ^ (E,^) is a comorphism of Lie pseudoalgebras; 
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2) the dual map ^* : — > Fg satisfies 

dp o = o dE, as a map F,*j^ Ag+^Fg (fc > 0). (13) 



Here we regard vf* = -0 : A^E^ = A ^ AgFg = B, and naturally lifts to an A-map aJ^E^ 
A$^F^. 



Proof. Due to formula Q, the second statement is equivalent to two conditions: for all a E A, dF{ip{a)) = 
\E'*(dE(a)) and for all ^ G E^, dF(**(0) = **('^e(0)- We prove that these two conditions are equivalent 
to the first statement. 

Suppose that Y E F and 5'(y) = J2k -^k®Abk, for some E E and bk E B. Then by condition 
dF(V'(a)) = **(rfE(a)), we get 

[r,^(a)] = {d^{^{a)),Y) = {^'*{d^{a)),Y) = {d^{a),Io^^{Y)) 

= ^^(Xfe,dE(a))6fe = 5]6fcV([^fe,a]). (14) 

fe k 

This proves relation mi)- Suppose that Fi, F2 S F and «'(Yi) = Y.k ^hk<»Abi,k, *(>2) = E; ^2,;«)^&2.i, 
for some X^^fc G E, bi,i E B. Then 

{^*{dEm,YiABY2) = (dE(e),^(*(yi) As*(y2))) 

= {dEiO,Hj2^Xi^k Aa X2,l)®AblMb2,l)) 
k,l 

= ^7/'(dE(0,^i,fc A^X2,i)6i,fc62,i 

= ^7/^([Xi,fe,(e,^2,i)] - [X2J.{LXi.k)] - {L[XlM.X2j]))bi,kb2.l 

k,l 



Here we have used Equation (fTi|) . On the other hand, we have 

{dF{^*0).YiABY2) 

= [Y,, Y2)] - [Y2, ^i)] - [n, ^2]) 

= [Y,,J2^{X2j,0b2,i] - [Y2,J2ij{X,,k,Obi,k] - (e,/o vl/[ri,r2]) 

; k 

J A: 

= J2idFom,X2,i)),Y,)b2u-J2idFom,Xi,k)),Y2)b^.k 

I k 

+ ^ 7/^((0 X2^,))(dp52,,, - ^ i^((0 ^i.fe))(dF6i,fc, ^2) - (0 / o Fa]). 

/ k 

Therefore, by condition (ip(\E'*(0) = ^'*((iE(C)), '^^ obtain 
{CJo^SJ[Y,,Y2]) 

= ^ ^/'(C, [Xi,fc, X2,,])6i,fe62,/ + '/'((^' ^2,/))(dF62,/, - Y ^^(^^ X,,k)){dFbi,k, Y2). (15) 



k,l 

Let 



^ = Xl[^i.'='^2,i]'^^6i,fc&2,/ + X1^2,;<»^[yi,62,/] - Xl^l^'=®-^[^2,6l,fe]• 
fc,^ ! fc 
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Then, relation ([15]) says 

By the arbitrariness of ^ G and / being an isomorphism, we conclude that ^'[Yi, I2] — Z = and this 
proves relation (|12p . A similar process shows that 2) implies 1). ■ 

We call ^* as a chain map if it enjoys the property described by Equation (|13p . 
• The Main Theorem. 

We define the graph of a pair of morphisms (E,^) ^ (F,6) where ip : A — + i3 is a morphism of 
algebras and : E — > F is a map of ^-modules. Its graph is defined to be the ;B-submodule 

+ *(a;)|a; £ E^^isj C (E®^B) © F. 

Here $ is the S-map E®^B F defined by the obvious rule ^-^ ^iX)b, VX eE, b e B. 

(*,•>/') 

For a pair of morphisms (F,S) (E,^), where t/j : A Z? is a morphism of algebras and 

: F ^ E^j,B is a map of ;B-modules, we define its graph to be the S-submodule 

Gi^.i,) = {^(i^) +Y\YeF}c (E®^B) © F. 

Now, we state the main theorem. First, recall Theorem 12.81 which claims that the ip-sum E ©^ F is a 
i3-submodule of (Ecg)^;B) © F. For the two pairs of morphisms above, the following theorem claims that 
they are a morphism or comorphism of Lie pseudoalgebras if and only their graphs are contained in the 
i/j-sum as Lie subpseudoalgebras. 

Theorem 3.6. Let (E,^), (F,B) be two Lie pseudoalgebras and let : A —>■ B be a morphism of 
algebras. 

1) Let (E,^) =t (F,S) be a pair of morphisms. It is a morphism of Lie pseudoalgebras if and only 
if its graph ^/(*,^) is a Lie subpseudoalgebra (over B) of the ip-sum E ©^ F. 

(*,'/') 

2) Let (F,B) ^ (E,^) be a pair of morphisms. It is a comorphism of Lie pseudoalgebras if and 
only if its graph G{'Si,t(,) is a Lie subpseudoalgebra (over B) of the ip-sum E ©^ F. 

Before we prove these two statements, we state two facts which deserve attentions. 
Lemma 3.7. 

1) With the same assumptions as in (1) of Theorem \3.b\ G{\si^ti,) is contained in E ©^ F if and only if 
(1) in Definition \3.1\ holds. 

2) With the same assumptions as in (2) of Theorem \3.b\ G^^^jj,) is contained in E ©^ F if and only if 
(1) in Definition \S.2\ holds. 

Proof. 1) Consider x = Then x + $(x) = X®^6 + &*(X) e By © in Theorem 

a; + ^'(a:) belongs to E ©^ F if and only if 

V'([X, a])b = [b^{X),i^{a)] = 6[vI/(X), ^(a)] 

holds. The conclusion then comes from the arbitrariness of b. 

2) Let y G F and suppose that ^{Y) = J2k Xk®A^k^ for some Xk G E and bk G B. Using the equality 
© again, we know that '^{Y) + F G G(^,\p) belongs to E ©^, F if and only if relation (fTT|) holds. ■ 
Proof of Theorem ISTgI 

1) vj/ is clearly well defined. The above lemma says that (1) of Definition 13. II is exactly the condition 
that C E®^ F. And under this condition, it is easily seen that (2) of Definition 13 . 1 1 is exactly the 

condition for to be closed under the bracket given by relation pI7|) in Proposition 12.91 
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2) Let G F and suppose that 'l'(li) = J2j ^i,j®Abi,j, i = 1,2. We have aheady shown that the 
condition ^{Yi) +Yi e E F is relation (HT))- And by Proposition [TH the condition that [^{Yi) + 
Yi,-^{Y2) +Y2] e E F is exactly relation UH). ■ 

It may happen that, given ip, no morphism or comorphism 'J over tp exist. But the ip- sum always 
exists. This phenomenon also happens when Lie algebroids or groupoids are concerned (see Remark 14.91 
and examples at the end of the paper). 
• The Category of Lie Pseudoalgebras. 

As an application of Theorem 13.61 we now prove that Lie pseudoalgebras are the objects of a category, 
with either morphisms or comorphisms, which is proved originally in [TS\ . We will need the following fact 
which can be drawn directly by the definition. 

Proposition 3.8. Let (E,^), {F,B), (G,C) be three Lie pseudoalgebras and 1}} : A ^ B , 9 : B ^ C be 

two algebra morphism. Then as a Lie subpseudoalgebra over C, 

(E ©^ F) ffie G c E ©ffov- (F ©e G). 

The concept of category can be found in [Tl]. In the present paper, we define the category *p and 
co*p of Lie pseudoalgebras, using the following three pieces of data: 

1) a class of objects (E, A), (F, B),..., which are respectively pseudoalgebras; 

2) to each pair of objects (E,yt), (F,S) of «p (or co«P), a set M{{F,A); (F,S)), the collection of all 
morphisms (E,^) =^ {'F,B) from (E,y4) to (F, ;B) (or, a set coX((E,yt); (F,B)), the collections 
of all comorphisms (E, A) ^ (F, B) from (F, B) to (E, A)); 

3) to each triple of objects (E,^), (F,B), (G,C), a law of composition 

X((E,^);(F,i3)) X 7W((F,B);(G,C)) ^ 7U((E, ^); (G, C)). (16) 
(or co7W((E,^);(F,B)) X co7W((F,S);(G,C)) ^ coA^((E,^);(G,C)). ) (17) 

(*,■!/.) (e,e) 
Here in the composition of (E,^) ^ (Fi-B) and (F, ;B) ^ (G,C) is the usual composition of 

maps 

(eo^.eov) 
(E,^) ^ (G,C). 

(e,e) 

In dni), we define the composition of (E,^) ^ (F, i3) and (F, B) ^ (G,C)tobe 

(^♦e.eoV') 
(E,^) (G,C). 

Here * 8 : G E ®_4 C (over 9 o ip) is in fact ^I^ o 8, where 

l'=*®Id:F®eC (E®^S) ®s C = E®^C. 

They obviously satisfy the usual axioms of associativity and identity. So the only problem is to check 
that the composition laws are well defined. In what follows we prove that in (|17p , the composition of two 
comorphisms is still a comorphism. And one can do similar procedure for morphisms. 

(0.f) 

As above, let (E,^) ^ (Fj^S) and {F,B) ^ (G,C) be two comorphisms. We prove that their 

(**e,eoi/') 

composition (E,.A) ^ (G,C) is also a comorphism of Lie pseudoalgebras. It suffices to show that 
the graph 

Gi^.oMoi,) = {* * e(Z) + Z\Z e G} c (E®^C) © G. 
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is a subalgebra of E (Beo^p G (over C). If we consider the embedding map 

i : {E(S)aC)®G (E 0^ C) © (F (g)B C) © G, 

X ®AC + Z ^ X (»AC + Q{Z) + Z, 
for all X E E, Z <E G , c E C , then it suffices to show that i{G(^*e,eoip)) is a subalgebra of 

i(E ®eorp G) = E (Beorp Q(e,e)- 

In fact, by applying Theorem 13.61 we know that E ®goxp Q(e.e) is a subalgebra of E ©eov (F ®9 G). 
And at the same time, Q{^,^) ®e G is a subalgebra of (E ©^ F) ffig G. So it is also a subalgebra of 
E ®9oip (F ©9 G) (by Proposition 13. 8|1 and therefore the intersection 

(E ffisoi/j G(efi)) n (^(-if^^) ©e G) = i{G{^>*efio^)) 

is a subalgebra of E ©eoV" (F ©e G). Of course this implies that it is also a subalgebra of i(E ®0o^ G) 
and thus the proof is complete. 

There are three crucial points in the above analysis: 

1) If (Ei,^) is a subalgebra of (E2,^), and (E2,^) is a subalgebra of (Ea,^), then (Ei,^) is a 
subalgebra of (Ea,^). 

2) If (Ei,^) and (E2,^) are both subalgebras of (Ea,^), then their intersection (Ei n E2,-4) is a 
subalgebra of (Ea,^). 

3) If (Ei,^) is a subalgebra of (Ea,^), and (E2,.4) is a subalgebra of (Ea,^), and Ei C E2, then 
(Ei,^) is a subalgebra of (E2,.4). 



4 Morphisms and Comorphisms of Lie Algebroids 

This part is devoted to expressing the preceding theories in the language of Lie algebroids. We recall 
the definition of morphism and comorphism of Lie algebroids, which originally appeared in '13] and we 
recommend Mackenzie's book ^25j for detailed information. However, we adopt a different approach to 
these two concepts in this paper. Although the original ones are equivalent to the definitions which follow, 
the latter are quite concise and succinct in language. We finally show how they are embedded into an 
algebroid which we called the (^-sum, as subalgebroids. 

A basic fact should be mentioned at the beginning. Consider a smooth map cj) : M N. Let V 
be a vector bundle over N. We have the pull back bundle (j)-V (over M) and a morphism of algebras 
t/) = (j)* : C°°{N) C°^{M). For anther vector bundle W over M, and a bundle map : c/y'V ^ W, it 
determines the dual bundle map 

W* ^' > V* 

P , (18) 



It also naturally induces an additive map ^: T{V) ^{W) satisfying 

^{fB) = {rm{B), yf&C°^{N),Ber{V). (19) 

This implies that is a map of C°°(iV)-modules, in the sense of 0*. Conversely, any C°°(iV)-module 
map T{V) r(VF) is uniquely determined by such a bundle map ^E" : W, or 5'* : W* V* . 

By definition, a Lie algebroid {U,M,pu) gives rise to a Lie pseudoalgebra {T{h{),C°°{M)) and we 
can therefore extend the two kinds of morphisms described in Section [3] to Lie algebroids, in both cases 
allowing the bases to be changed [231 1131 US] . 
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Definition 4.1. Let (U,M,pij) and (V, iV, pv) be Lie algebroids on bases M and N respectively. Given 
a smooth map (j) : M N , a comorphism of Lie algebroids from V to U over (f> is a bundle map 

* : 0'V U, written (y,N) ^ {U,M), such that the dual map ^* : U* — > V* is a Poisson map. 
Here Li* and V* both carry the Lie-Poisson structures coming from their Lie algebroid structures. 

In particular, if (j) is surjective and is injective, then we call (y,N) a co-subalgebroid of{U,M). 

According to the relationship between and 5*, we sometimes directly call 3' : r(V) r(^) the 
comorphism of Lie algebroids. It will be convenient at times to consider the comorphisms of Lie algebroids 
from this alternate point of view, by using the following equivalent description pTS] , 

Theorem 4.2. With the assumptions in the above definition, (V, TV) ^ (U,M) is a comorphism of 
Lie algebroids if and only if the following two conditions hold: 

1) 4>*° Pu°'^ = Pv; 

2) the induced map ^/ : T{V) r(^) is a morphism of Lie algebras. 

We remark that, the first condition can be restated as: for each B G r(V), the vector field pij{'i/{B)) 
is 0- related to p\;{B). The composition law of morphisms is straightforward. 

Remark 4.3. Let ijj = (p* : C°°{N) -> C°°(M). In Theorem|121 (1) is equivalent to 

ns, g]v) = i'{9}]u, Vi? e r(V), g e C°-{N). 

(C.f. relation (1) of Definition 13.11 ) Hence the comorphism in Theorem 14.21 is actually saying that 

{T{V),C^{N)) ^ (r(W),C°°(M)), 
is a morphism of Lie pseudoalgebras. 

Example 4.4. Let (M, tt) be a Poisson manifold and by fl{M) we denote T{T*M). With the 7r-bracket 
defined below 

i^J]. = vr«(0(/); 

^ ([X,^],eA7?)+^«(e)(7?,X)-7r»(,7)(e,X), 

for any ^,77 e n{M), f e C°°{M) and X e A'(Af), it is well known that (f7(M), C°°(Af)) is a Lie 
pseudoalgebra and T*M is a Lie algebroid on M. Let (M, tt) and (A^, cc) be two Poisson manifolds. 
Assume that (f> : M N is a Poisson map, which induces : TM TN and the dual map 
4> = 0* : Q,{N) r2(M). Then, $ is a comorphism of Lie algebroids over (p 

{T*N,N) ^ {T*M,M). 

The definition of morphisms of Lie algebroids appears in many texts such as [T2], [24] (see also [131 [25]). 
stated in the form given in Theorem 14.61 But we prefer to adopt a more concise one as below. 

Definition 4.5. Let {U,M,pij) and (V, A^, pv) be Lie algebroids on bases M and N respectively. A 

morphism of Lie algebroids from lA to V , written ilA, M) =t (V, A^), is a vector bundle morphism 

U ) V 

M N 
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such that the induced map is a chain map, i.e., 

du o¥* odv, as a map r(A''V*) r{A''+'^U*) [k > 0). 

Here we regard ¥* = ijj* : r(A''V*) = C°°{N) r(A°^Y*) = C°^{M). In particular, if cj) and * are both 
injective, then we call {U,M) a subalgebroid of(y,N). 

Theorem 4.6. With the assumptions in the above definition, iU, M) =^ (V, TV) is a morphism of Lie 
algebroids if and only if 

1) 

Pv o * = 0* o pw; (21) 

2) if A, A' e T{U) and ¥{A) = f^B,, ■^'{A') = /ji?^., for some /j e C°-{M), B,, B'^ e r{V), 
where is the induced bundle map U (j)-V, then 



The reader should bear in mind that the second statement of the theorem is a local condition. The 
proof is omitted since it is merely a repetition of Proposition l3.5l Although the above two equalities seem 
quite complicated, by the following remark and according to Proposition 13.51 one is able to understand 
why (I2ip together with (I22p are equivalent to Definition 14.51 

Remark 4.7. Let -0 = 0* : C°°(7V) C°°(Af). In Theorem relation jHI) is equivalent to 

[A,^{9)]u = 5]M([i?„5]v), 'iAeU,ge C^{N). 

i 

(C.f. relation In addition, one may regard T{(j)'V) w r(V) «ic-=-(n) C°°{M). Therefore, the 

morphism in Theorem 14.61 is in fact a comorphism of Lie pseudoalgebras 

(r(w),c°°(A/)) ^ (r(v),c°°(7V)). 

Note that, by the two equivalent descriptions of morphisms of Lie algebroids in Definition 14.51 and in 
Theorem 14.61 we recover Theorem 3.1 in [TU] . 

The above two kinds of morphisms are just the algebroid version corresponding to those of Lie pseu- 
doalgebras. Recall the 0-sum U V of Lie algebroids U and V define in Example 12.131 When passing 
from the morphisms and comorphisms of Lie pseudoalgebras to those of Lie algebroids, the relationships 
of the two kinds of morphisms stated in Theorem 13.61 admit straightforward generalizations, formulated 
as follows. 

Theorem 4.8. Let {U,M,pij) and (V, A^, pv) be two Lie algebroids and let (p : M N be a smooth 
map. 

1) For a bundle map \E' : (/)'V lA, let its graph be 

Then, (V, N) ^ ilA, M) is a comorphism of Lie algebroids if and only if Q{-<ii^^) is contained in 
U 00 V and T{Q(^.4,)) is a Lie subalgebra ofT{U V). 
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2) For a bundle map :IA ^ V , let its graph be 

= {(", '^{u))\x e M,u€U^} CZU® 0- V. 

Then, (U, M) ^ (V, N) is a morphism of Lie algebroids if and only if is contained in 

U ®0 V and r(t/(,j, 0)) is a Lie subalgebra ofT{U V). ■ 

Remark 4.9. Evidently a comorphism of Lie algebroids (V, A^) ^ (Z-/, Af) requires that 

(j)Jm{pu\x) 3 Lm{pv\4,(x))- 

And a morphism of Lie algebroids {lA, M) =^ (V, N) requires that 

(j)Jm{pu\x) C Lm{pv\4,(x))- 

In the following examples, we show that the traditional representation and action theories can be 
restated in the language of morphisms and comorphisms. 

Example 4.10. Let ^ M be a vector bundle. Then one has the bundle of covariant differential 
operators, written CVOiV) M (c.f. ^ III], [23, see also where the notation D{V) is used 
instead of CT>0{V)). A derivative representation of a Lie algebra g on V , is a morphism of q into the Lie 
algebra T{C'DO[V)) [20]. This is obviously a comorphism of Lie algebroids from q to C'DO{V) , over the 
trivial map M — > pt. 

Example 4.11. (SHj Let {14, M) be a Lie algebroid, and let iy9 : Z M be a fibred manifold (i.e., ip is 
a surjective submersion onto M). An infinitesimal action of hi on Z is an R-linear map Tipi) — > X{Z), 
A ^ Az, where A e T{pi), such that 

1) Az is projective to pu{A) (i.e., they are (/^-related) ; 

2) the map A i-^ Az preserves brackets; 

3) the map A ^ Az is C°°(M)-linear. 

Of course this is equivalently saying that (•) — > {■)z over the fibred map <p : Z ^ M , is a comorphism 
of Lie algebroids from U to TZ. 

Example 4.12. 20J The derivative representations of a Lie algebra in Example 14 . 1 01 can be generalized 
to a Lie algebroid. Let {U, M) be a Lie algebroid, and let (p : Z — > M be a fibred manifold and V ^ Z 
be a vector bundle on Z. A derivative representation oflA onV associated to a given infinitesimal action 
of W on A^ Az (as in Example 14. lip , is a morphism, 7, of Lie algebras from T{U) to V{C'T)0{y)) 
such that 

1) for any A e T{U), /9,^„,,,,7(A) = [7(A), ■ ] ^ Az; 

2) 7 is C°°(Af)-linear in the sense that j{fA) = {ip*f )j{A), V/ e C°°{M). 

We point out that, such a derivative representation is a comorphism of Lie algebroids 

{U, M) ^1^^ {CVO{V), Z), where we view 7 as a map : Lp U -> CVO{V). 
Conversely, if a Lie algebroid comorphism is given as above, there are associated 

1) an infinitesimal action oiU on Z, A^ [7(^)1 ■ ]; 

2) a derivative representation oiU onV , A\^ associated to the action of 1). 
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In fact, given any comorphism of Lie algebroids which is over a fibred map, we can determine an 
action of Lie algebroids [H] (see also similar conclusions in Theorem I5.15P . 

Theorem 4.13. Let (p : Z M be a fibred manifold, and let (C,Z), {U,M) be two Lie algebroids. If 

(W,M) ^ {C,Z) 
is a comorphism of Lie algebroids, then the map 

A^pco^{A), VAer(w), 

defines an infinitesimal action oflA on Z. ■ 

Example 4.14. [The action algebroid] Let g be a Lie algebra, M a smooth manifold and : q X{M) 
a morphism of Lie algebras (called an infinitesimal action of g on M). Then the vector bundle U ^ M x g 
admits a Lie algebroid structure by setting 

[fX,gY] = fg[X,Y] + fe{X){g)Y~geiY){f)X, 
pifX) - fe{X), 

V/, g G C°°{M), X,Y £ Q. We call U = M x g the action Lie algebroid induced by the action of g on M. 
(This is a special case of Examples 14.111 and 14.151 ) Evidently, the action algebroid M x q admits both a 
trivial morphism to g, and a trivial comorphism from g, both over M — » pt. 

Example 4.15. We continue the assumptions in Example 14.111 It is shown in 12J that, there is an 
associated Lie algebroid structure on ifU with the base Z, which is called the action Lie algebroid 
associated to the action A Az- And the diagram 



(23) 



Z — ^ M 



is a morphism of Lie algebroids. At the same time, there is a comorphism {LA, M) {y^'H, Z). 

It is also worth noting that the action Lie algebroid {(p'U, Z) can be embedded into the (^-sum of 
(TZ, Z) and {lA, M), by sending [x, v) to (vz, v), for each x (1 Z, v ^ i^\^{x)- 



5 Morphisms and Comorphisms of Lie Groupoids 

This section is an exposition of the theory of two kinds of morphisms concerning Lie groupoids, analogous 
to that of Lie algebroids. We recall here some well-known definitions and certain properties of Lie 
groupoids and their tangent Lie algebroids, and we refer to P |23l |24l |2S] for more details (note that the 
composition convention in some of these texts is the opposite of that followed here) . 

A groupoid F on the base M, with respectively source and target maps a, p, will be denoted by 
(r =^ M; a,P), or, more briefly, (F, M). We adopt the convention that, whenever we write a product 
gh, we are assuming that is defined, i.e., f3{g) — a{h). The base M C F will be regarded as the set of 
identities. The inversion map t : F — > F will be denoted by i{g) = g~^. 

For X G M, its orbit, denoted by Ox, is the set /3 o a~^{x) C M. 

Let (n, TV) be a groupoid and cj) : M —^Nhea map. We define the (/)-pullback of 11 (with respect to 
the a-fiber) 

M n = {{x,w)\x e M,4){x) = an{w)} , 
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which is also denoted by or (f>*Il by many authors. When 11 is a Lie groupoid on N and is a 
smooth map between smooth manifolds, an is a submersion and hence M 11 is a smooth manifold, 
and pr^,/, the projection to M is a submersion. 

We are now ready to introduce the two concepts of morphism of groupoids analogous to the morphisms 
and comorphisms of Lie algebroids. We will prove that they are global formulations in terms of Lie 
groupoids. In [13j . Higgins and Mackenzie had given the definition of comorphisms of groupoids in the 
language of actions. Here we prefer to adopt a direct description as follows. 

Definition 5.1. Let (F ^ M,ar,(3r) and (11 ^ N, an, Pn) be two groupoids on bases M and N re- 
spectively. A comorphism of groupoids from 11 to T, over a given map (j) : M ^ N , is a map 

$ : M X0 n ~> r, written (11, iV) {T,M), such that the diagram 

M x^n — ^ r 

(24) 



prM "r 



M M 



commutes and the following conditions hold 

1) for all X e M, $(a;, 4>{x)) = x; 

2) for all {x,w) e M x^U, (j) o fjp o $(x,w) = /3n(w); 

3) for all {x, w) £ Af x^ 11, (/3r ° ^{x, w),z) e M x^ H, there holds 

^{x, wz) ^ <^{x, w)$(/3r o ^{x, w), z). 

In particular, if (j) is surjective and $ is injective, then we call (11, iV) a co-subgroupoid of {T,M). 

The morphisms of groupoids are already a well-known concept j23j , and they are global version of the 
morphisms of Lie algebroids. 

Definition 5.2. Let (F =t M,ar,(3r) and (H =t iV, Q!n,/3n) be two groupoids on bases M and N respec- 

lively. A morphism of groupoids over (p : M N is a map $; F ^ FE, written (F,M) ^ (H, TV), 
such that 

1) $(A/) <ZN andcj)^ $|m; 

2) an o $ = o ar, /3n ° = ° Pv; 

3) ^{gh) = <^{g)<^{h), for all composable g,heT. 

In particular, if (j) and $ are both injective, then we call (F, Af) a subgroupoid of{Il,N). 

For the base-preserving case M '''—^ N ^ M, these two kinds of morphisms coincide. 

A comorphism of Lie groupoids (FE, TV) <=^ (F,Af), or a morphism (F, Af ) ^ (H, TV), is defined 
similarly, with the additional requirement that <&, as well as (p in the above definitions to be smooth 
maps. 

For a Lie groupoid (F ^ M; a,/3), we define the tangent Lie algebroid {LieT,p) as 
LieT = IJ T.^a-^{x) ^ {v e T^T\x e M,a^{v) = 0}. 

The bracket of T{LieT) is determined by the commutator of left-invariant vector fields and the anchor 
map is given by p = /3r*U/. 

The infinitesimal counterpart of a comorphism can be determined by differentiation, yielding a co- 
morphism of Lie algebroids. This fact is illustrated by the following theorem. 
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Theorem 5.3. Let (H, N) ^ (F, M) be a comorphism of Lie groupoids. Then, the tangent map of 

$ induces a vector bundle morphism — (f>, : (/) (iien) — > LzeF and (Liell, iV) ^ {LieT,M) is a 
comorphism of Lie algebroids. 

Proof. By (1) of Definition 15.11 sends Tj^, 0(2,))ajj^((/)(x)) to TxaY^{x) and hence \E'|a; = ^*\{x,ci,{x)): 
for all X e Af, defines a bundle map. According to (2), we have 

0* o (3y* ° ^*{x, v) = (3u*{v), Vv G LieU^i^x), 

Le., is subject to the condition 0, o pLien o ^/ — pneT- It remains to prove that the induced map 
^ : r(Lien) r(_Lier) is a morphism of Lie algebras. 

For each section B G F(Lien), we denote the corresponding left-invariant vector field on H by i? and 

similarly, ^'(-B) denotes the left-invariant vector field on F. Let us prove that B , regarded as a vector field 



on M X0 n, is <i>-related to ^(S). For each x G Af, w G a^{(t){x)), if we suppose that -B/3n(iL.) = ^^(0), 
where c : [0, 1] aj^^(/3n(u')) is a smooth curve, then 

= j^\t=o^{x,wc{t)) 

= ^\t=o^{x,w)<^{l3T o $(x,w),c(i)) (by (3) in Definition Oj) 

= -^*(£c,u.)*(^lt=o*(/?r o ^{x, w), c{t))), 

<3 

Hence for two Si, G T{LieIl), [%,%] = [Ihjh] is also ^-related to $(^2)] = $(^2)]. 

It follows that 

$([Bi,S2]) =$,|M(iSi,B2]) = [$(Si),*(S2)]|Af = [*(Bi),$(B2)]. ■ 

(<I>.0) 

Similarly, for a morphism (F, Af ) =^ (11, A^) of Lie groupoids, the tangent map which evidently 
sends LieT to Lieli, is a morphism of Lie algebroids (over </>) . The details of the proof can be found in 

m- 

• The (/(-product of groupoids. 

There is likewise a global version of the restriction theory for groupoids. Let (F ^ M] a, (3) be a 
groupoid. Afo C AT a subset. We call 

Tmo = {9 e T\a{g) G Afo, /3(g) £ Afo} 

the Afo-restriction of F. It is easy to see that Tmq is also a groupoicJl on the base Afo, inheriting the 
structures of F (c.f. Example l2.10p . 

For two groupoids (F =t Af, ar,/3r) and (11 ^ A^, an,/3n) on bases Af and A^ respectively, we can 
endow their direct product F x 11 with a groupoid structure on Af x A by setting 

a(g, w) = (ar(g), an{w)), Pig, w) = (/3r(5), /3n(w)); 

{g, w){h, z) = [gh, wz), where g,h and w, z G 11 are respectively composable. 
We will denote this groupoid by Fx 11, and call it the direct product of F and 11. 

^For a Lie groupoid F, the restriction Fj^/^ is not necessarily a Lie groupoid. 



18 



Definition 5.4. The Q[(j)) -restriction of the direct sum groupoid FxII, denoted by Fx^II, is called the 
(p-product o/r and H. 

One may characterize such a groupoid by 

Tx^n ^ {{g,w) erxU\an{w) = o ar{g), f3n{w) = (I) o Prig)} . 

Notice that, Fx^II is a groupoicfl on base space M. The source and target maps send (5, w) € Fx^II 
to arig) and Pr{g) respectively (c.f Example 12. 13| ). 

On the global level, the analogues of Theorem 13 . 61 and Theorem l4.8l are as follows. Again we omit the 
proof. 

Theorem 5.5. Let (F ^ M,ar,(3r) and (IT =^ N, au, Pn) be two groupoids. Let (f> : M ^ N be a map. 

1) A map <^ : M Xif,Yi — > V is a comorphism of groupoids if and only if the graph 

is a subgroupoid o/Fx^II, on the same base M. 

2) A map $ : F — > 11 is a morphism of groupoids if and only if the graph 

= {(.9,<i'(.9))l.9er} 

is a subgroupoid o/Fx^II, on the same base M. ■ 

Remark 5.6. Evidently a comorphism of groupoids (H, N) (F, M) requires that the (/)-image of each 

orbit of F covers some orbit of H, i.e., 00(2:) C (j}{Ox)- And a morphism of groupoids (F, M) =f (11, TV) 
requires that (j) sends each orbit of F into an orbit of IT, i.e., (j){Ox) C O^i^^-^ (c.f. Remark IT^ ). 

• Examples. 

In the remaining part of the paper, we relate some examples showing various kinds of morphisms and 
comorphisms of Lie algebroids and groupoids, to be compared with the examples of actions and repre- 
sentations in the preceding section. 

Example 5.7. Let M be a smooth manifold. Then M x M admits a groupoid structure, called the pair 
groupoid on M . The tangent Lie algebroid for M x M is TM [6]. 

Example 5.8. Let (p : M be a smooth map between smooth manifolds. The map (f> : M ~* N 

naturally induces a morphism of the pair groupoids 

(M X M, M) ^ (N X N, N), 

by setting $(a;, y) — {(t){x) , (j){y)) , Vx, y £ M. Clearly, : TM TN is the corresponding morphism of 
their tangent Lie algebroids. 

Example 5.9. We investigate the comorphisms of the pair groupoids. Suppose that a map (p : M N 
is given and there is a comorphism $ : Af x^ (A^ x A^) M x M over (p. Here we see that 

Mx^{N xN)^ {(x, 0(a;), y)\x eM,yeN}. 

According to Definition 15. 11 <& can be written in the form 

$ : {x,(j){x),y) ^ {x,^oix,y)), Vx £ M,y e N, 

where : M x N M. And the axioms in Definition 1 5 . 1 1 are now expressed as follows: 

*The </>o-product of two Lie groupoids is not necessarily a Lie groupoid. 
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1) <Po{x,(j){x)) = X, Vx e M; 



2) (f>o<^>o{x,y) = y,VxEM,yeN; 

3) ^o{x, z) = $o(*o(a;, y), z), \/x e M, y,zeN. 

Thus (j) must be a surjection. And for each fixed x e M, ^q{x, ■ ) : N ^ M is a.n injection as well as a 
right inverse of (f). If M and N are both smooth manifolds, these conditions are exactly saying that there 
is a foliation structure on M and each leaf is diffeomorphic to N via (f>. So generally speaking, it is hard 
to find a comorphism from 11 = iV x iV to F = Af x A/. 

Example 5.10. We now study what a comorphism '5, from the algebroid TN to TM, could be. Suppose 
that ^E" is over 0, then by Remark 14.91 Im{(j)) must be an open submanifold of N, and (j) must be a 
submersion from AI to Im{(f)). And the map must assign every Y G X{N) to a lifted '^{Y) G X{M), 
such that 0, (^'(y)) = y and the bracket must be preserved 

For each x S M, let .Tvr = Irn{^{{x} x T^^^-jiV)). The conditions above imply that each is isomorphic 
to T^(^^-^N via 0*. The distribution on M is integrable. And each leaf of is a covering space of 
I'm{(j)). 

Example 5.11. Let M be a submanifold of N and T C TAf a regular, integrable distribution. Then 
the inclusion T C TN together with the embedding A/ C is an injective comorphism of Lie algebroids. 
On the other hand, we have a groupoid with base Af, 

Af X7- A/ = {(a;, y) E M x M\x and y belong to the same integral submanifold of A/, via T} . 

The embedding of M Xq- M into A^ x A^ is a morphism of groupoids. 

Example 5.12. [The action groupoid] Let G be a group with the unit element e and let G act on a set 

M (to the right), i.e., we have a map 8 : A^f x G M, {x,g) 1— * xg, satisfying the axioms: xe — x, 
x{gig2) — {xgi)g2, for all x e M, gi, 52 £ G. Then F = Af x G admits a groupoid structure with base 
space M, as follows 

a: {x,g) 1-^ x, 
(3: {x,g) 1-^ xg, 
i : {x,g) {xg,g~'^), 
{x,gi){xgi,g2) = {x,gig2)- 

We call F = Af X G the action groupoid induced by the action of G on M. Then LieT is exactly the 
action algebroid M x LieG given in Example 14. 14) where LieG = T^G has the Lie bracket coming from 
left-invariant vector fields. This is a particular case of Example l5.14l [STTBl 

Example 5.13. Given a vector bundle V M, we denote by CJ-'{V) the linear frame groupoid of 
V (see 1221 III], where it is denoted by n(F)), which is the collection of all linear isomorphisms from a 
fiber of V to some generally different fiber of V. The Lie algebroid of CJ-'{V) is canonically isomorphic 
to C'DO{V) (this fact was discovered independently by Kumpera [H], Mackenzie [23], Hermann [TT], 
Kosmann-Schwarzbach [19]). The group of bisections CJ^{V) is in fact Aut{V), the group of vector 
bundle automorphisms of V. (One can also regard it as the semi-linear isomorphisms of F(V'), see 
[iniHn].) In [5D], Kosmann-Schwarzbach and Mackenzie defined the semi-linear representation of a Lie 
group G on F to be a group morphism, say i?, from G to Aut{V), with the smooth condition that, 
the map {x,g) 1-^ R{g){v){x), M x G V, is smooth, for each i/ £ F(y) (or equivalently, the map 
{x,g) -> R{g)\x, M xG CT{V) is smooth). 

This is actually a comorphism of Lie groupoids from G to CJ-{V) (over M — + pt), and it provides a 
global formulation for derivative representations of Lie algebras (Example I4.10p . 
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Example 5.14. [T21[1D| Let (F, M) be a groupoid, and let ip : Z M be a surjective map. A (right) 
action of T on Z is a map S assigning each g of F to another map 

such that 

1) S{y) =ld : Zy Zy, for any y £ M. (It seems that [30] has missed this condition.) 

2) S{gig2) = 5(52) o 5(51), for any composable gi, 32 e F. 

We argue that, an action of F is a comorphism of groupoids from F to the pair groupoid Z x Z. In fact, 
if the action S is given as above, then by setting 

^■.Zx^T^ZxZ, {x,g)^{x,S{g){x)), e Z, g e a^\ipix)), 

we obtain a comorphism <&. Conversely, given we can determine the action S by 

S{g){x) = prj o $(x, .g), where pr2 is the projection to the second component. 

When considering a Lie groupoid F and a fibred manifold ip : Z ^ M , we require such an action to 
be a smooth comorphism of Lie groupoids. At the same time, one obtains an infinitesimal action of the 
corresponding Lie algebroid LieT on Z . For more details about these groupoids and their infinitesimal 
forms, see Examples liTTIl [57T^ and H?T5l 

The theorem which follows is an analogue of Theorem 14.131 for each comorphism of Lie groupoids 
over a fibred map, there is associated an action of a Lie groupoid. 

Theorem 5.15. Let p : Z ^ M he a fibred manifold, and let {fl,Z), (F, M) be two Lie groupoids. If 

(F,M) ^ {n,z) 

is a comorphism of Lie groupoids, then the map g S{g), where 

S{g) ■■ Za(g) Zi3(g), x^ P^o $(a;,5), Vx G Za(g), 
defines a Lie groupoid action ofT on Z. ■ 

Example 5.16. Recall Example 15. 141 It was shown in (see also 01^) that whenever an action of 
a groupoid (F, M) on ip : Z M \s defined, there is an associated groupoid structure on the pull-back 
space Z x,^T, with base Z , known as the action groupoid associated to the given action. The source map 
is {x,g) I— > X, while the target map is {x,g) ^ S{g){x). The multiplication is {x, g){S{g){x), h) = {x,gh). 
There is obviously a morphism from Z X;^ F to F, (x, g) ^ g, over tp. 

Example 5.17. In Example 14. 12) we have discussed the derivative representations of Lie algebroids. On 
the global level, a semi-linear representation of a Lie groupoid associated to an action of (F, M) on the 
fibred manifold Z ^ M (defined as in Example I5.14p . is a morphism $ from the action Lie groupoid 
Z x^T to CTiy) (on the same base Z), where V Z is a vector bundle. This notion was studied 
in [5], and also presented in [20j . Here we emphasize that such a semi-linear representation is in fact a 
comorphism of Lie groupoids, 

(F,M) ^ {£T{V),Z). 
And the associated action of F on Z is determined by the relation 

S{9)(x) = Pcj^iv) ° '^{x,g), yx e Z,g e a^^{p(x)). 
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Example 5.18. Recall the action groupoid Z x^pT given in Example l5.16l We point out that it is in fact 
a subgroupoid of the t/j-product of the pair groupoid Z x Z and T. In fact, every element {x, g) E Z x^T 
can be regarded as {{x, S{g)x); g) & {Z x Z)x^r, where x G Z, g £ a^^{fix)). 

Example 5.19. Let G, H be two groups which act on M and N respectively. Suppose that there is a 
map (f) : M ^ N and a group morphism t : G ^ H, and that they are compatible in the following sense 

^ixg)^^{x)T{g), yxeM,geG. (25) 

Then, the map between action groupoids ^ : M x G ^ N x H given by 

= (0(a;),r(.g)), V.x £ M, .g £ G, 

is a morphism of groupoids (over (jj). 

Example 5.20. Let G, H be two groups which act respectively on M and N. Suppose that there is a 
map (f) : M N and a group morphism <; : H G, and that they are compatible in the following sense 

(j){x)h = (j)ix(^{h)), Vx eM,he H. (26) 

(*,0) 

Then, there is a comorphism of groupoids {N x H, N) ^ (M x G, M), where <& is defined by 

{x, ((/)(x), h)) (x, <;{h)), yx eM,he H. 

Note that the (/)-product of the two action groupoids F = Af x G and H = x iJ in the preceding 
two examples is 

Fx^n = {{x, g; 0(x), h)\x e M,g e G,h e H, (t){xg) = (j){x)h} . 

Example 5.21. Let g and t) be two Lie algebras, and M, N two smooth manifolds. Let : g — > X{M) 
and 77 : () ^ '^{^) be two Lie algebra morphisms. Suppose that T : g — > [} is also a Lie algebra 
morphism, (f> : M — s- a smooth map and that they are compatible in the sense that 

77(T(X))|^(,) =040(X)U), VxeM,Xe0, (27) 

(i.e., 6{X) and ri{T{X)) are 0-related.) Then, we find a morphism of the action Lie algebroids ^ : 
M x g —f N X i) (over 0), given by 

*(a;,X) = (?!)(x),T(X)), yxeM,Xeg. 

Example 5.22. Let g and f) be two Lie algebras, and M, N two smooth manifolds. Let 6* : g — > X{M), 
7/ : [) ^ X{N) be two Lie algebra morphisms. Suppose that E : f) — s- g is also a Lie algebra morphism, 
<j) : M N a, smooth map and that they are compatible in the sense that 

v{Y)Ui^) = c^^{e{nY))\x). VxeA./,re(), (28) 

(i.e., 9{Yj{Yy) and ri{Y) are (/)-related.) Then, there is a comorphism of the action Lie algebroids ^E" : 
T{N X [}) ^ r(M X g) (over (/)), given by 

*(.m = r(/)S(n, V/eG°°(7V),ye(). 

These two morphisms are the infinitesimal versions of Example 15.191 and 15.201 

Example 5.23. [The gauge groupoid] Let (P M, G) be a principal bundle on M with structure group 
G. Then G acts diagonally on P x P. We denote the orbit of (a;i, X2) by (a:i, X2) and the orbit manifold 
by (P X P)/G. Define a : {P x P)/G M by (xi,X2) 1-^ p{xi) and similarly /3((xi,X2)) = p{x2)- For 
two elements (a;i,a;2}, (7/1,2/2) G (P x P)/G, if ^(2:2) = p{yi), then there is a unique element g £ G such 
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that X2 = yig and we define {xi,X2){yi,y2) = {xi,X2){yig,y2g) = {xi,y2g). In this way, (P x P)/G 
carries a Lie groupoid structure with base M, called the gauge groupoid of {P, M, G) [M1I5T] . 

The action of G on P naturally lifts to an action on TP. We denote the orbit of G T^P by {X^) 
and the quotient manifold by Since this action is free, admits a vector bundle structure with 
base M, and bundle projection q : {X^} i— > p{x). Sections of ^ can be regarded as vector fields on P 
which are G-invariant. It follows that r(^) has an induced bracket transferred from X{P). Besides, 
the tangent map can also be transferred to ^ — > TM. Thus, (3^,p*,M) is a Lie algebroid, which 
is in fact the tangent Lie algebroid for the gauge groupoid (P x P)/G [T| [24], 

Example 5.24. Continuing the above example, the map ( ■ ) together with p is obviously a morphism 
of Lie algebroids from (TP, Id, P) to (^,p,,M). Like -wise, we get a typical example of comorphism of 
Lie algebroids from Af ) to (TP, Id, P), by sending X G r(^) identically to X G X{P) which is 

G-invariant, over the projection p : P — > M. 

Example 5.25. Let (P M, G) and {Q N, H) be two principal bundles on base spaces M, N 
respectively. Suppose that t : G H is a morphism of Lie groups and (f) : M ~^ N a, smooth map. 
Given a smooth map ^ : P Q compatible with r and in the sense that 

qo^{x) = (j)op{x), ^(xg) = ^{x)T{g), VxGAf, gGG, 
we can then construct a morphism of Lie groupoids ((P x P)/G, M) =t {{Q x Q)/H, N), given by 

<^{{X1,X2)) = {^{Xi),^{x2)), Vxi,X2 G P. 

At the same time, we obtain a morphism of Lie algebroids <&, from M) to (^, N), over (f>. 

Example 5.26. Let (P ^ M, G) be a principal bundle. Consider the pair groupoid P x P and the 
gauge groupoid (P x P)/G given in Example 15.71 15.231 There are canonically defined morphism and 
comorphism of groupoids (both over p) , 

((■, >,p) P X P P X P (*^P) 

(PxP,P) ^ (——^M), i—^^M) ^ (PxP.P). 

We elaborate on the second one. For any element inp'((P x P)/G), say {x, {y,z)), where x,y,z (1 P and 
p{x) = p{y), we find g G G such that y = xg, and hence {x, {y, z)) = {x, {x, zg~^)). Define (y, z)) — 
zg~^. Clearly $ is well defined. One can easily verify that $ overp constitutes a comorphism of groupoids, 
which is the global version of the Lie algebroid comorphism in Example 15.241 
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